Abstract: Transient analysis of a switched reluctance machine (SRM) system is complicated by its unconventional non-sinusoidal operation and highly nonlinear characteristics. The analysis, however, is essential not only for optimizing the SRM magnetic structure but also for proper control of the associated power electronic circuit. In this paper, a direct modeling method for analysis of a SRM system including the power electronic converter, control and the nonlinear magnetic field of the SRM is established. The finite element method is used to model the nonlinear magnetic field, and is coupled to the circuit model of the SRM overall system. Assumptions of current density in FEA and various types of flux-current characteristics in circuit analysis are eliminated. With simultaneous computation over the entire system, the computer model provides abundant information regarding the SRM system. Experimental results are presented to prove the accuracy of the model.
Introduction
Although induction machine drives are still the workhorse of industry, the switched reluctance machine (SRM) drive has been actively researched for more than a decade with very promising results [l-31. The SRh4 has a simple and rugged construction as well as very good overall performance over a wide torque-speed range. Recently, doubly-salient switched reluctance machines have been found to be a favorable alternative to more conventional PM synchronous and induction machines in converter fed variablespeed drives and generating systems. The fundamental feature of this type of motor system is that the SRM requires only unidirectional current and thus the converter topology and corresponding switching algorithm of the power converter is greatly simplified. In addition. unidirectional current of the SRM system. For example, the firing and extinguishing angles of a phase current have been found to be very critical for machine efficiency and torque performance [6] . However, theoretical and experimental experiences have indicated that phase angle control of SRM current is closely related to the load level, rotor speed, rotor position, etc.; and precise control of the firing angle requires an accurate model to fully account for their complicated relations.
The complexity of SRM modeling and analysis stems from the existence of many unique facts in operating the machine. The fwst one is the unconventional non-sinusoidal excitation of the SRM.
In analyzing non-sinusoidal operation, the popular rotating field theory is no longer applicable. In effect, dealing with SRM often starts with the very fundamental physics and uses the derivations from first principle.
The second one is the SRM's highly nonlinear characteristics. Due to the switched operation mode of a SRM, at any instant only a small portion of core iron and winding copper is active in making a contribution to the torque production and energy conversion, and this part of the iron is always driven into deep saturation. As the consequence of local saturation, nonlinear behavior of SRM is dominant. In addition, the local over-stress of iron and copper induces mechanical vibration and deformation, which further complicates SRM analysis [7] . The third one is the interaction between the phases at current commutation in which more than one phases of mutually coupled windings are in conduction. As a result, an irregular pattern of magnetic field is produced. The last, but not the least one, is the wide torque-speed range under the electronic feedback control which constantly changes the SRM operating point.
Modeling of a complicated SRM system has been explored by many researchers over the past years, with much effort made to develop effective ways for optimal design and operation, and one of the common approaches is to use an equivalent circuit as the basic framework. To improve accuracy of the circuit model, . .
i " e S that the power circuit configuration is immune from CUrrent shooting-through fault, which is a particularly attractive feature for meeting high reliability requirements in aerospace power applications.
The SRM, in effect, is an advanced type of stepping motor in which the current waveform of the machine must be carefully P w i W " e d to match the variation profile of the internal magnetic field so that maximum torque/ampere is extracted [1] [2] [3] [4] . In realizing the optimal current programming, many difficult problems must be solved, which relies heavily on the proper modeling and comprehensive understanding of the entire SRM various methods have been applied to adapt the parameters, especially the inductance, to the operating conditions, accounting for the nonlinear characteristics of the magnetic field. A step further, instead of treating the magnetic field as the product of inductance by current, the flux linkage is selected directly as the variable, and all possible flux linkages as a function of rotor positions and current levels are pre-calculated. Then, the results are stored in a look-up table, or approximated by analytical expressions [8] [9] . When the dynamic analysis of the SRM is conducted, the computer program repetitively accesses the look-up table, searching for the operating point. Interpolation is necessary for those operating points not stored in the table. The circuit model with parameter adaptation works well in general, especially when only the terminal characteristics are concerned. However, the ability of this type modeling method is limited. In particular, during the modeling process the magnetic field distribution is not available at the moment of interest since only a circuit model with lumped parameters is used. In addition, mutual coupling effects between the phases are very difficulty to be included.
For the field analysis of SRM, the finite element method is commonly used with current assumed [8, 10] . While the internal details of the magnetic field are available and the electroinagnetic capability of the SRM can be evaluated, the interaction of the internal magnetic field variation versus the extemal circuit can not 95 W4 by the IEEE E l e c t r i c Machinery Committee of t h e IEEE Power Engineering Society for presentation a t the 1995 IEEE/PES Winter Meeting, January 29, t o February 2, 1995, New York, NY. Manuscript submitted December 30, 1993; made available for P r i n t i n g November 30, 1994.
A paper recommended and approved 0885-8969/95/$04.00 0 1995 IEEE be modeled because the currents are artificially assumed. To remedy the situation, the latest development in modeling SRM was given by Arkadan et al in which the finite element method and state space method, in a way, was combined[ll-121, similar to the approach successfully applied to other electric machine analysis by . Satisfactory results have been achieved to account for more complicated phenomenon, including mutual coupling and fault conditions, affected by both magnetic field and power circuit. This is a significant step towards the more direct modeling of the SRM. However, the magnetic field was modeled as the product of excitation currents by inductance, and computation of a large nonlinear inductance matrix (including DC and incremental inductance, self and mutual inductance) is needed.
While the recent research work is encouraging, clearly, more advanced modeling method of SRM is still seen in demanding. In particular, the more advanced modeling method, while being expected to retain the abilities of the existing ones, should allow simultaneous investigation of external circuit and internal magnetic field accurately. In this way the internal magnetic flux distribution in space and variation in time as well as the terminal characteristics are fully described. In this paper, a modeling method for analysis of a SRM system including the power electronic circuit, control and the nonlinear magnetic field is established. Finite element method is used to model the nonlinear magnetic field of the SRM, and is coupled to the circuit model of the overall system. With simultaneous computation and convergence of the field and circuit equations for the entire system, the computer model will not only reveal the internal electromagnetic changes instantaneously but also provide sufficient information regarding the terminal dynamics of the system.
Compared to the existing modeling methods appeared in the past SRM literature[l,2,7-9,11-14], the modeling method presented in this paper differs in several aspects: i) current and flux linkages are chosen as the variables of the circuit equations, and magnetic vector potential and current density as those of the field equations respectively. The variable equivalence is made naturally between the current and current density, and between the flux linkage and vector potentials; ii) a matrix of inductance is not needed. The direct description of magnetic field in terms of flux linkages avoids splitting inductance into self and mutual components, as well as into DC and incremental components: iii) the circuit and field equations are solved simultaneously for the entire modeling process. Thus, the interaction between magnetic field and power circuit is automatically included; iv) the operating trajectory of the flux-current is automatically formed during modeling process without a table of pre-calculated flux-current characteristics: and v) the modeling results not only provide the terminal characteristics but also the detailed internal magnetic field at the instants and locations of interests. Complicated effects due to saturation and mutual coupling are easily accounted for.
An experimental testing on the SRM with the corresponding power converter circuit has been conducted to validate the proposed modeling method. The initial results from the experimental SRM system are in a very favorable agreement with those from the model prediction, verifying the accuracy of the coupled field-circuit model. The potential of this modeling method is also discussed as the future work.
Review of SRM Principles and Modeling
Electromechanical energy conversion in a SRM, ideally shown in Fig. 1 is accomplished by means of a time varying magnetic flux due to the rotor movement. As well known, the torque can be evaluated by the circuit equation or, more precisely, by the equation where Wco is the co-energy of the SRM. This equation applies both to the circuit and the field models of the SRM. Although simple, the circuit approach in the Fig 1 suffers seriously from the following deficiencies: a) saturation is not considered; b) mutual coupling between the phases is neglected; and c) no information is given with regard to the internal magnetic field at the instants and locations of interest. Therefore, the simple circuit model is of little significance for designing and operating a SRM. To obtain a more practical equivalent circuit for modeling purpose, significant modifications in describing winding inductance, or magnetic field, have been made mainly in two aspects: a) Including saturation. This is accomplished by adapting the inductance values to the excitation levels. To fully account for saturation effect, inductance is further divided into DC and incremental components. b) Including mutual coupling. This is achieved by adding mutual inductance of the involved windings. The inductance representing the SRM magnetic field is then augmented into a matrix in which the off-diagonal elements are no longer identically zero.
Another improvement made in modeling the SRM by equivalent circuit approach is to select winding flux linkage directly as the variable. Instead of describing magnetic field as the product of inductance by current, the nonlinear relationship between the flux and current are directly expressed by fluxcurrent curves at many rotor positions. The direct description of magnetic field in terms of flux linkages avoids splitting inductance into self and mutual components, as well as into DC and incremental components. Nevertheless, computation of the flux-current curves is practical only if one phase of windings is excited at a time, with mutual coupling being neglected.
Modeling the SRM by a modified equivalent circuit becomes useful in practice. However, the capability of this approach is still limited. In particular, the description of the intemal magnetic field is totally neglected. Hence, the important local quantities such as saturation, magnetic stress, and electromagnetic forces under various transients can not be investigated. Plus, the interaction between the magnetic field and the power circuit is not properly modeled. For these reasons, a much more comprehensive and versatile model accounting for both the SRM magnetic field internally and the associated external power circuit is clearly necessary.
Coupled Field -Circuit Modeling Method
In order to analyze the complicated flux pattern of the SRM and its terminal characteristics simultaneously, the coupled field-circuit modeling method can be used to solve the terminal equations and the flux equations at the same time. With the end winding effects neglected, the magnetic field of the SRM is governed by the 2-D Poisson equation:
By solving this magnetostatic equation, the intemal distribution of the magnetic field can be obtained. However, the winding currents which determine the current density, Jo, must be known for solving the equations.
The terminal voltage equations of the SRM can be easily written according to the circuit configuration of the system, assuming four-phase stator windings where abed = (v,,vb,v,,vd) are the flux linkages of the stator windings; and "r" is the winding resistance of the stator. "T" indicates a transposed matrix. To find terminal current, the flux linkage variation as a function of time must be known. As can be postulated, in solving the voltage equations, the most difficult part is to determine the flux linkage variation due to the change of the currents and rotor positions.
The so-called coupled field-circuit modeling method is to combine Equations (5) and (6) together, and take the current (current density) and flux linkages (vector potential) as the system state variables. Because the system consists of two equations, two variables can be solved for uniquely. Rigorous mathematic derivation in formulation of the system equations, and the existence and uniqueness of the solution are out of scope of this paper and will be skiped in this paper. The purpose of selecting flux linkage as the circuit variable is two fold: a) to avoid a lengthy computation of the inductance matrix which may involve self and mutual components, DC and incremental components, and main and leakage components; and b) to provide an ease link between the magnetic field and electrical circuit. (5) and (6), it is seen that the current vector, &d in (6) is related to the current density Jo in (5) with the SRM geometry given, and the flux linkage vector, &bcd, is related to the vector potential A, with the winding configuration given. In the proposed coupled modeling method, the basic Equations (5) and (6) are to be solved simultaneously by numerical iterations. A matrix of equations contained in Equation (5) are discretized into elemental form over the entire SRM cross-section as usual in finite element analysis for magnetostatic field analysis. To discretize Equations (6) , one critical problem is to discretize the time derivatives, -d% . The time derivative is replaced by the backward difference. That is,
By inspecting Equations
At A8 A8 where q = As indicated clearly by Equation (7), the time derivative terms are properly discretized. Then, the global equation set containing Equations (5) and (7) can be obtained and solved simultaneously, provided that the terminal voltages h b c d and detailed geometry of the SRM are given.
Two important aspects need further explanations for discretizing Eq. (6) into Eq. (7). First, in Eq. (6), the flux linkage is a function of both the current levels and the rotor positions, and the time derivative, therefore, should require the full derivative of h with respect to both rotor position and current level.
Equivalently, the flux linkage might change from one level to another not only because of rotor position but also because of current variations. The flux linkage change due to either variation should be included in the discretized equation. Indeed, in Eq. (7) both current and rotor position variations are considered as indicated by the term &bcd(8-A8. ig-Ag). Physically, it can be interpreted that the backward difference term in Eq. (7) represents not only the induced speed voltage but also the induced transformer voltage. However, it is the induced speed voltage that makes contribution to the electromechanical energy conversion.
Second, the flux linkages in Eq. (6) contain the self and mutual flux linkage components which should be included properly in the discretized equation. Recall that in flux linkage evaluation, the magnetic field and the flux linkages are computed from the vector potential equation. In evaluating magnetic field, all possible currents are included and specified to the coil locations. Therefore, the resultant vector potential solutions automatically contain the components representing self and mutual flux linkages. The flux linkage derived from the vector potential is, therefore, a complete flux linkage. Furthemore, by computing the overall magnetic field and the consequent winding flux linkages, we can avoid unnecessary complexity to split flux linkages into various self and mutual components. Figure 2 shows the computation flow chart used for the proposed modeling method of the SRM. Two major loops are designed in the algorithm, the inner current loop and the outer rotor position loop. Note that AV, included in the inner current loop, is the difference between the actually applied voltage and the computed voltage from Eq. (6) for the current assumed. As soon as AV falls within the predetermined error, the currents assumed converge to their true values which, in turn, determine the field vector potential of the SRM. In summary, the current density in Equations (5) and the currents in (6) are equivalent variables of the global system and so are the vector potential and the flux linkages in the same set of equations. In computing equations of the coupled field and current model, the field equations constantly communicate with the circuit equations to continue the computation till both the field and circuit equations are satisfied simultaneously. Attention is needed in formulating the incremental current to accelerate the numerical convergence process.
Computation of winding flux linkages from magnetic plot provides a convenient method to link field analysis to the terminal circuit analysis. Flux linkages are significant because variations of flux linkages determines the back EMF, the kernel of electromechanical energy conversion represented by an equivalent circuit. In addition, if the flux linkages were calculated from field analysis, then an accurate circuit model would be obtained. The computation of flux linkage can be done conveniently using the results from finite element analysis. Note that if the magnetic vector potentials are known at each point over the SRM crosssection, then the flux linkage of a winding equals to the vector potential difference at the locations of the two sides of the winding. For a given SRM the flux linkages can be computed comprehensively to encompass all the possible operating points and then the data can be stored in a look-up table as shown in Fig.  5 . During system simulation, the look-up table is repetitively accessed to search for the actual operating point.
Results of Theoretical Analysis
The computation procedures outlined in the Flow Chart are implemented and the finite element package, MAGNET, developed by INFOLYTICA CO is used, serving as the major subroutine. Several analysis has been conducted on an existing SRM, SR-90. The major specifications of SR-90 are listed in Table 1 . The 2-dimensional geometry of the SR-90 machine is shown in Fig. 3 and the meshes for FEM over the across-section of the machine are generated in such a way that the meshes of the rotor are separable from those of the stator. When the movement of the rotor is simulated, all meshes of the rotor advance an incremental angle and are re-stitched to those of the stator. The separable meshes of the rotor from those of the stator greatly simplify the mesh generation process for different rotor positions. 
Flux Distribution and Winding Flux Linkage
As the first step, with the assumed currents, finite element method is used to illustrate the way of obtaining flux distribution and winding flux linkages. Two typical flux distributions of the SR-90 machine are shown in Figs. 4(a) and (b) , where the rotor axis is completely aligned and unaligned with the stator poles, respectively. Since the flux distribution plots display the details of the magnetic field over the entire cross-section, locating local saturation and magnetic force distribution by inspection of flux plots becomes straight forward. However, the flux distribution plot does not give information regarding the SRM terminal characteristics. Nevertheless, computing and storing a large amount of data for winding flux linkages is difficult. For example, to model multiphase excitation with winding mutual coupling, two or more phases of windings must be considered. The possible combinations of the current levels from different phases are vast. To evaluate every possible current combination under so many rotor positions, the computation time and storage memories may not be practical. Yet, the major limitation of this method is the lack of simultaneous description of the internal magnetic field and the terminal circuit. Furthermore, accuracy problems caused by interpolation of an actual operating point based on finite computed operating points are also noticeable.
Results of Coupled Field-Circuit Analysis
Direct modeling the SRM by coupled field-circuit method provides a solution to simultaneous computation on the magnetic field and system circuit. This method is especially suitable for investigating dynamic behavior of the SRM in which both the terminal characteristics and corresponding internal magnetic field are concerned. The SR-90 machine is analyzed by the coupled field-circuit method with the operating conditions suinmarized in Table 2 . Note that modeling of the SR-90 at high speed (5000rpm) is selected because a). at high speed, SRM has to be in voltage operation mode in which the currents are variables to be predicted, and b) at high speed the back EMF of the machine is so large that the current response to the supply voltage is very sluggish (more rising and falling time in terms of rotor angle). As a result, the current overlap and the effect of mutual coupling between the phase are evident. Fig. 6 shows the current and imposed voltage at the terminal of the winding while the SRM experiences a series of flux changes. Note that although the input voltage maintained constant for 15', the phase current fluctuates around 1.65 amps after reaching its peak value at about 8' rotor rotation. Furthermore, the peak current does not correspond to the instant when the maximum flux linkage occurs . After the transistor is turned off, the phase current takes a sizable amount of time to decay (about 13").
As stated previously, the coupled field and circuit modeling method not only gives the terminal characteristics, but also reveals the internal magnetic field variation for the same instants. Fig. 7 shows a series of the internal flux distribution of SR-90 covering 30" rotation of the rotor in 3" steps. Note that the flux density in general increases over the entire cross-section of the SRM in time. However, the comer tips of both rotor and stator poles saturate quickly when the rotor moves towards the alignment with the stator. Yet, this local saturation reduces later when the rotor moves further towards alignment with the stator poles. Also noticeable is the SRM magnetic field which is fully charged at the beginning due to the previous phase current. Subsequently, the majority of the flux lines gradually shift to the current phase and the magnetic field is fully charged again after 15' of rotor rotation. Following the similar pattern, the magnetic field will be taken over by the next phase in approximately another 15" rotor rotation.
It is interesting to note the flux linkage-current trajectory of the phase winding as shown in Fig. 8 where the operating points for one phase current impulse is plotted while the rotor in rotating.
As compared to Fig. 5 where a large number of the flux-linkage curves have to be computed in a "off-line" fashion with the neglect of mutual coupling, the operating points in Fig. 8 are calculated directly from the solution obtained by the coupled field-circuit method. The area circled out by the trajectory equals to the coenergy variation for the cycle. The average torque production of the SR-90 then can be computed from the co-energy variation of the phase winding with respect to the incremental rotor angle. The computed average torque in this case is 32.8 oz-in.
From the dynamic plots of the SRM flux distribution, other important variables, such as the tangential and radial forces can be conveniently computed, which is very important in evaluating force balance and mechanical stress for noise and deformation studies.
Experimental Testing Verification
For the same operational conditions as modeled in the last section, the SR-90 machine is tested in the laboratory. A picture has been taken for the experimental set-up as shown in Figure 9 . The SR-90 is mechanically coupled to a computer controlled dynamometer as the load, and all voltages and currents are instrumented by a digital scope. During testing, the tested machine delivers 30 oz-in torque in steady state operation. Fig. 10 shows the oscilloscope traces of the phase current. Compared to the results fro the coupled field-circuit modeling method. It is clear that the current waveform predicted by the coupled field-circuit modeling method is in a very good agreement with that from the testing. It is important to realize that by the time domain simulation of the SRM using the coupled field-circuit modeling method, the information is much more comprehensive and insightful compared to that from testing results. Furthermore, the flexibility and cost of this method is superior to that of the lab testing.
Conclusions and Future Work
Modeling of the SRM system is very complicated. The complicity stems from the highly nonlinear nature of the magnetic field and its interaction with the unconventional, electronic control of the SRM system. To fully account for the complexity, a simultaneous modeling of the SRM's internal magnetic field and external power electronics circuitry is necessary. The coupled field-circuit modeling technique presented and implemented in this paper provides a powerful tool for the situation. Through principle discussion, modeling development, computer implementation, and experimental validation, the following conclusions have been reached. 1). The conventional magnetostatic finite element analysis can be extended to include circuit analysis to investigate complicated transient behavior of SRM systems. Formulation of the problem is simple and conveys very understandable physics of the modeled system. The implementation of the modeling can be realized conveniently by using commercially available and technically matured finite element packages used for static field analysis. The programming time and cost for modeling is minimum, and the accuracy is high.
2). The outputs from the combined field-circuit modeling method are comprehensive. In the field-circuit coupled approach, investigation is conducted in the time domain. Therefore. the solutions to the field equations naturally presents the results of the field variation both in space and in time, as opposed to the those obtained from conventional static field analysis. Furthermore. the modeling method enables the circuit current to interact with the field flux intensively under the constrains imposed simultaneously by the voltage and field equations. The results, therefore, contains all information regarding the effects of interaction between the extemal circuit and internal magnetic field.
3). The coupled field-circuit modeling is versatile and flexible. In the field-circuit modeling of the SRM, the inputs to the system are the terminal voltages to the windings, rather than current, and the geometry and material specifications of the SRM. Both the input functions and the geometry specifications of the SRM can be changed easily according to the modeling purpose. By changing the input voltages, various electrical fault conditions can be simulated. In other situations, we can change the geometry or material of the SRM to model mechanical or material errors. Regardless of the origins of the fault or error (electrical or mechanical, intemal or extemal), the results from the modeling will be insightful not only towards the SRM but also to the extemal circuit.
4).
By the field-circuit simultaneous computation, the accuracy of modeling of the SRM is improved. By other methods, computer modeling and time simulation for the SRM itself and the power electronic circuitry relies on a pre-computed look-up table.
Interpolation is necessary and the modeling accuracy is reduced due to interpolation. In the field-circuit approach, the true operation point is obtained through iteration. The non-linearity between the current and magnetic flux is guaranteed by the finite element method.
The topics for SRM studies are comprehensive and can be studied effectively by the method developed in this paper. The following problems are particularly suitable to be solved by the coupled field-circuit modeling method: a). Flux and unbalanced forces under short circuit fault condition; b). Flux and unbalanced forces under open circuit fault condition; c). Determination of optimal firing angle for maximum torque production; d). Effects of eccentric rotor geometry on force production and the power circuit. A detailed research program on the topics is in progress and results will be reported in future papers.
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2) With regard to the terms used for the description of SRM inductance, it should be noted that these terms are actually referred in pairs in our paper as: DC and incremental inductance, self and mutual inductance, main and leakage inductance, etc. In the paper no cross refemng is implied among these pairs. In the first pair, the DC inductance is sometimes called "apparent inductance", or "effective inductance". These terms have been used by IEEE professionals for many years. On contrary, Fourier decomposition of incremental inductance into DC and harmonics components as a function of rotor positions as done in the discusser's paper is rarely seen and lacks physical meaning. This is, perhaps, where the discusser's confusion regarding the termonology is connceived.
3) As we stated in the paper, because the system consists of two equations, Eqs. (5) and (6), two variables can be solved uniquely. Obviously, this statement is complete and correct. However, one can not simply interpret this statement into a trivial case disregarding the finite element method and matrix form of electric machine equations. In both equations, each variable is a vector representing many entries. It appears to the authors that the statement in the paper did not confuse the discusser at all, and we can only speculatewhy he chose to criticize.
4)
As concluded in the paper, one of the major features of the coupled field-circuit modeling method of S R M is that the results not only provide the terminal characteristics but also the detailed intemal magnetic field at the moments and locations of interests.
The discusser contends that "this can not be the case since the authors are using a set of static field solution and the rotor speed is assumed constant. ... these solutions are at best 'snap shots' 'I. The discusser is correct in that the results are "snap shots". Nevertheless, he perhaps did not realize that the "snap shots" are SO frequent that it is only limited by the mesh size in the airgap, not by the method itself or by an assumption of constant rotor speed. The discusser is also correct in that if the mechanical equation is included, the speed dynamics can be simulated. However, in order to highlight the interaction between circuit and field analysis, it is the authors intention to choose constant speed conditions.
